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Propagation modes
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=Pk Guided propagation

0w
¢

We talk about guided propagation for waves
travelling along a structure having a invariant geometry
In the plane transverse to the propagation direction
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=Pk Guided propagation

for all vector v (t,,t,,2),
we can write :
V (t,15,2)=V, (1,15, 2)Z+V (13,15, 2)

v, Is the longitudinal component, v, the transverse component

7
V — ﬁ—z + Vt

The vector operators become : ;2
Vi=——+V;

0z7°
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=Pk Guided propagation

/\“—L:.- - =0} --——vd—] ‘7 > N
/T 1 7 Boundary conditions
T H ::,\" q ‘77 ~ For CEP boundaries:
i 437 g
DT g3z B
AR N 1
[E \ 232 1 B-=0
S SR
77# 4
Y 1N
77 [
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=Pk Guided propagation

T H \/\/L, Boundary conditions:
\/\/\/\/\,.T_, \
VAV AVAPRE | I
\/\/ voL¢ ( E — O

A .
T
30 B:=0
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=Pk Guided propagation

All function f(t,t,,z)=E, E,E,.H, H.,H,
will be considered as the product (separation of variables) :

f(t1,2) = T(t,1,)Z(2)

Helmholtz equation becomes :

(V?+K?)f =0
(V2 +K*)T(t,,t,)Z(z)=0
d*Z(z
VI T(t,1,)Z(2)+T(t,t,) dz(2 )+k2T(t1,t2)Z(z)=O
2
=> VtT+k2 ld =0
Z
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=Pk Guided propagation

This relation has to be valid for all (t,, t,, z), thus
VT
T
1d°z
Z dz

The longitudinal dependency has an easy analytical solution :

2

+k*=—y

Z(z)=AeF 4 Bet”

It is the superposition of an incident wave and a reflected wave
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=Pk Guided propagation

v . longitudinal propagation constant
y=a+])p

o . lineic attenuation [neper/m] or [dB/m]
B : lineic phase shift [rad/m]
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=Pk Guided propagation

If we consider only incident waves, B=0.

We can then write for the electromagnetic fields :
E(t,t,,z)=e(t,t,)e"" =(e,2+e,)e”
H(t,t,,z)=h(t,t,)e’”* =(h,2+h, )e™”

1!

The transverse part will of course depend on the transverse
geometry of the guide
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EPFL
Transverse dependency

(Vt2+k2+7/2)e:(vt2+kcz)e:0

The admissible k. are the eigenvalues of the guide, the
corresponding e and h the eigenmodes of the guide
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EPFL longitudinal propagation
constant

A propagation constant corresponds to each eigenvalue :

y=ki-k?  k=aeu

Thus, in a lossless case, depending on the relation between
k and k. the longitudinal propagation constant
can be real or imaginary :

If ke >w\Jeu then y =«

If ke =w\/eu then y =0

If k. <w\eu then y=]p
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EPFL . . .
Dispersion diagram

y=0u+[3

\//

0p1 B2 O3
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=Pk Guided propagation

The 6 components of the fields are not independent, the six components
of the modes neither. Indeed, through Maxwell's equations we can write:

V. xe, =—jou(hz)
V.xh, = jos(e,2)
and we get finally (after some manipulations) :
ke, = —)V.&, + jouzxVh,
k’h, =—WV.h, — joeZxV e,
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=Pk Guided propagation

Thus, for a given problem, we need only to
compute e, and h,. The other components will be
obtained using Maxwell's equations
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=Pk Strategy

Compute e, and h, solving : (Vt2 +k(:2)ez =0 (Vtz +k(:2)hz =0
Compute the longitudinal

propagation constant. Foran =g +jg= kg _ K2

Incident wave, select the
root with Im(y)>0

Compute the transverse
components of the modes

Reconstruct the E(ty.tp,2)=(e;2+ep 7"
electromagnetic fields H(ty b, 2) = (hy2 + hy e 72
Do the same thing for the

reflected wave, replacing y

by -y

17MAG-EPFL

k(:Zet ==V, + JouzxVh,
k’h, =—V.h — josZxV e,



=PrFL

Helmholtz' equation

(vt2+k§)ez -0 ; (vt2+k§)hz -0

TEM |TMor E |TE or H |Hybrid
Mode |Modes |Modes |Modes

ez

0 not O 0 not O

0 0 not O not O
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		TEM Mode 

		TM or E Modes 

		TE or H Modes 

		HybridModes 



		ez

		0

		not 0

		0

		not 0



		hz

		0

		0

		not 0

		not 0






EPFL
Examples

coaxial cable : TEM, TE, TM
optical fibres : Hybrid modes
waveqguides : TE, TM

19MAG-EPFL



=Pl TEM mode

characteristic equation :
ez=hz;=0

second stage :

k’e, =—V e + jouixV.h =0

k’h, =— NV .h — joszxV.e =0
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=Pl TEM Mode

Two solutions :

et =h¢ =0 (trivial)
ke =0 => y=jk = jofeu
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=Pl Mode TEM

We have to solve Maxwell's equations :
VtxetZO —y?xetz—ja),uht
Vixhi =0 —9Zxh{ = |oweey

Laplace's equation :

et — —VtV Wlth VtZV — O

22MAG-EPFL



=Pl TEM Mode

The magnetic field is given by :
hi = Lert —J—mert
Jou /4

The wave impedance Is given by :

Jou y |u

Zmod: :
14 Jog &g
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=PrFL

TEM Mode
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=Pl TEM Mode

univoque definition of the current and
voltage

Fields 1dentical to static fields
zero cutoff frequency
Needs at least two 1solated conductors
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=Pl TM modes

The equation to be solved is :

The other components are obtained by :

| ¢ .
ey =—Vie, hy="""2xe,
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=Pl TM modes

Longitudinal propagation factor :
2 2
/4 :\/kc —w &gl

Wave impedance :

e |y _otue—ks

Zmod —

hy jos wE
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=Pl TE modes

The equation to be solved is :
iv% ¥ k@jhz =0

The other components are obtained by :

k2he = —w.h, e, = 1% h x2
y
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=Pl TE modes

 Longitudinal propagation factor :

2 2
y = k& — 0 eu
Wave impedance :
7 _led _jou_  ou
mod — = =
he 7 \/a)z,ug—kg
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EPFL Longitudinal propagation
coefficient

2 2
e e
C C
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=Pk Group velocity
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=Pk phase velocity
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=Pk guided wavelength

19_272_ 2T A

y; _\/kz_kg_\/l—{if

with
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3aM.*

TEM Modes TM Modes TE Modes
Basic Vir=0 (V74 e =0|(V] i )iz =
equation ! toe J= roe JE
v xf— ngy = \/kf — o gl wfks e gl
Jw+] et
E 0 -z 0
‘ ee
H 0 0 — )z
£ h.e /
Et _V.Ve /7 ) jou A
r Lz VFEZ [ 1 (Ht XZ)
k /o
C
Hit ) oy
_/ J(Z}{E) []I ](szt) —L‘U’H
jou . 2
C .
Zmod = 1 ‘/ 2 oy
ot / [t \/g o s —k

J}E ;2
O~ ep =k




=PrFL

Dispersion and distorsion (1)

When the IS a
non-linear  function of the
frequency, the propagation is
sais to be dispersive.

Waveguides and optical fibres
are dispersive propagation lines

When a signal propagates on a
dispersive line, it sustains a
distorsion.

3sMAG-EPFL

A B
)
>
This effect is illustrated here with
a "gaussian pulse" — where the

developpments is mathematically
simple



=F"- " Dispersion and distorsion (2)

ﬂ N : where 2t is the width of the pulse
at a level 1/4/e=0,606 of the

A p \ A maximum.

~N U VA The of the

gaussian pulse (spectrum of the
V U pulse in the frequency domain)
/ has also a gaussian dependency

Modulated Gaussian pulse —%[T(m_mg)]z

Flo,z=0)=1t2me 2
L
f(t,z=0)=cos(m,t)e 2(/f)2
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*F"- " Dispersion and distorsion (3)

The signal propagates along the dispersive ( ) line and

sustains a
1

Flo,z)= e 2

The corresponding function in time domain is found by taking the
iInverse Fourier transform

(- mD)]Z —J[3~

+on

+a0 1 >
. . 32 S T(m—m ) T
f(t,z)= ,)L Flo,z)e!do = 12 TEJ‘ e | ’ Te 1BZ 107 4
LTC T -.

— 0

But [ is not a simplefunction of m, thus this integral cannot be
evaluated in a "simple" way ...
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=% Dispersion and distorsion (4)

The spectrum of the pulse is usually narrow, thus we take a Taylor
series developpment of 3(®) around o

B:BD+B1((o—w0)+%(m—r_oﬂ)er... avec BO:B((DU)etB”:g?B

oY

=0

The term takes the form

——i[’r(m—mﬂ )]2 —j{ﬁﬂ +Bi(o—mg %%(@—mﬂ )}‘J:
= c

10f
e e

regrouping the terms in o, we obtain a term e/ e P17 — &I \ith
I'=1-PB,z, which corresponds to a translation with a velocity 1/B, = v,
(group velocity).
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=F"- Dispersion and distorsion (5)

Grouping the terms in (o _%)2 we get

__[1:({,3 {)D)]Z [Bz(m — )2 u[ +IB‘2-] —(m_m;)zlg

C —C < =cC

el o 2]

At a large distance z, if the dispersion term 3, is important, we tend
towards 1’ =f,z/1 : a very narrow pulse in z = 0 broadens faster then
a wider pulse in z = 0.

_ dvg/da)

2 2
Vg
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=P Dispersion and distorsion (6)

2 L
I
I
1.8 v
| g
I ———-dv /dw
1.6+ | g
I
l
L4f
!
1.2F |
i
1
S e
0.8+
0.6+
0.4+
0.2
o e e e e
4 4.5 5
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=P~ Dispersion and distorsion (7)

time-dependent
signal shape ‘ L

input e
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=PrFL

0.8 z=0m

0.6

0.2

0.4}

0.6

-0.8 : ,

—cos(® Ot) e

—e-m(rfxc)2

1200
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Dispersion and distorsion (8)

12

_ T t,=2s
- —"cos(c:)o(t-to)) e'lm[(t'to)h] 0 ]
1.2
R lE] (XN p,=1m7s*
s a4 2 o 2 4 6 & 10
t
2
2 [ BZ
T'=,|t7+] =



EPFL -
Rectangular waveguides
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=PrFL

Rectangular waveguides
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EPFL -
Rectangular waveguides
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EPFL -
Rectangular waveguides
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=Prl Rectangular waveguides : TEM Modes

We need to solve Laplace's equation

VEV =0
with the following boundary conditions
Vlx=0,x=a,y=0,y=b = Cte

As the guide boundaries are connex, this means that\/ = Cte

and thus ey =V{V =0
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=Prl Rectangular waveguides : TM Modes

. . 2 .2 o%e, 0%e, 2
Basic equation (Vt + k¢ )ez =——"+—— +Ke ez =
OX oy

separation of variables €, =€z (X)ez (Y)

2
d%e,, 1 L0781
dX2 €2x dy2 ezy

Qo QU 2 1,2 .2
, , kx+ky:kC
—Ky —ky

Thus = k2
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=Prl Rectangular waveguides : TM Modes

2

d%e,, 1 o d%ey 1 2 12 1.2 2

We need to solve X == kg, —— ——=—kj , kg +ky =k
dx= €z dy® €y

e, = ACOSK, X+ Bsink,X

Solutions :
e,y =Ccoskyy+Dsinkyy
2 2 2
Ky + ky = K¢
Thus - e, =(Acosk,x+ Bsin kxx)(Ccoskyy+ Dsin kyy)

kg +kg = ke
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=Prl Rectangular waveguides : TM Modes

The constants A, B, C, D, k, and k, are obtained using
the boundary conditions :

ez|\X:0=O = (AcostO+W)(Ccoskyy+Dsinkyy)

0

e2lyo=0 = (Acoskxx+Bsinkxx)(Ccosky0+W):O
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=Prl Rectangular waveguides : TM Modes

ezl _,=0 = Egsinkasink,y=0
Thus k,= mn/a

ez|\y:b:0 = Egsinkyxsinkyb=0

Thus ky: nr/b

with mn=0
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=Prl Rectangular waveguides : TM Modes

. . Mz . Nz
Finally e, =E5SiIn—xsin—y
a b
. mz_ . nm_
and E, :Eosm—xsmTye &
a

with = k2K’
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=Pl Rectangular waveguides : TE Modes

2 2
_0 22 9 22 +kZh, =0
OX oy

Basic equation (Vtz + kf)hz

separation of variables N, =hy (X)hy ()

dzhzx 1 +d2hzy 1
dx? gy dy2 hzy
_kZ _k2

X y

Thus = —k?
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cPr-L Rectangular waveguides : TE Modes

2

d2hzx 1 2 d th 1 2 2 2 2

We need to solve =—ky , =-k{ , ky +ki =k
dX2 hZX ” dy2 hzy Y " y ¢

Solutions h,, = Acosky, X+ Bsink, X

h,y =Ccoskyy+Dsinkyy
kg +kyg = k3

Thus h, =(Acoskyx+ Bsin kxx)(C cosky y + Dsin kyy)

kg +ky =k&
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cPr-L Rectangular waveguides : TE Modes

Boundary conditions applied to the electric field

i j ok
&y =— Ja)zﬂ %hz :—#(Acos KyX+Bsin kxx)(—C sinkyy+ D cos kyy)
ke Y K¢
i j ok
y=- szﬂ on, __ A; L (~Asinkyx+ Bcoskyx)(C coskyy+Dsinkyy)
kc OX kc
Nz
eX|y:0’y:b =0 thus D=0 ky==~
m+n=0
mrz
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cPrL Rectangular waveguides : TE Modes

Finally

mz Nz
h, =H,Ccos—Xxcos—Y
a b

Mz Nt _
H,=H, COS——=XC0S— ~ye &

a

y:\/kg —a)zg,u
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=PrFL

Rectangular waveguide

TM Modes TE Modes
k ) 2, 2 , 22
¢ (mm\" [ nT) _ [mmr | (nr) _
‘ | +| — . =0 —_— ‘— . m+n#0
La) b) \a ) "5 )
0 5 B N2, 2
c ,' mi ‘ ‘ T 1 ‘ mi | _|_;' nT
..,I' H'-r JHE woa ) 'u EJ
Cl
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=PrFL

Rectangular waveguide

TM Modes TE Modes
k2 E.:. 31N T xsin nw v e 0
( b
Hz 0 Hy COSEICDSEj-e_f:
a b
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=PrFL

Rectangular waveguide

TM Modes

TE Modes

Ex ymi mT . AT _ys JOENT MmT . AT s
—————Ejcos xsin—ve ———Hpcos xsimm— ye ‘
ak; a b bkz a
Ey YRT . T HT  —yz jOEMT . mT T _yz
———Eqsin xcos—ye /7 ————Hsin xcos—ye 7
bk a b ak’ a b
Hx joEnt . T NT oz ymi . T T oo
———Epsim xcos—ye /7 — Hpsin xcos—ye /°
bk a b ak’ a b
Hy JOEMT mT. . NT - VAT MIT . AT _y-
————Eycos xsmm—ye ‘- — H{cos xsm—ye ‘-
ak;. a bk; a b
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EPFL -
Rectangular waveguides

Note both TE and TM modes can only propagate for

- CRC
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EPFL .
Dominant mode

The cutoff frequency is given for both modes by

S GG R O
but with

TM Modes TE Modes
mn =0 m+n=0
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EPFL .
Dominant mode

Thus the lowest possible cutoff frequency corresponds
to the TE,, mode :

f‘ _ 1 7Z'_C
L= T P us a 2a

The first higher order mode is given by

1 T C 1 T C

f — = f = =
che =27 wwa a o ol = 27 ue b 2b
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EPFL . . .
dispersion diagram

—TE10 —TE11 —TE21
—TEM —TE20
1000
800 |
600 |
T L
400
200 |
E. L ! ! L L L L ! L L L L ! L L L L ! ! L
0 50 100 150 200 250
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=PrFL

vgroupe
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Group velocity

— TE1D — TE — TEDNZ

— TEO1 — TE20 —TE22




=PrFL

vphase
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210

410" |
310° |
210° |

1107 |

Phase velocity

—TE10 —TE11

—TEM —TE20

— TEOZ

TE2

........................................

........................

.........




Field distribution

=PrFL

champ électrique
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Field distribution

TE,, Hz



=PrFL

10.0

0.0

6sMAG-EPFL
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Field distribution

TE01

TE,, Hz
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=PrFL

Field distribution

TE11

10.0

0.0 10.0 20.0

-1.00 -0.50 0.00 0.50 1.00
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=PrFL

10.0

0.0
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TE21

Field distribution

TE,,;

-1.00

Hz



=PrFL

mode TE10 fcas 3

z [mm]

z [mm)]

mode TE10 / cas 4

1€

]
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|d distribution

mode TE10 / cas 2

100

90

90

80

80

70

70

60

50

% [mm]

z [mm]
@

40 40

30

30

20

10

100 =

mode TE10 / cas 1

10 20

N
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Circular waveguide

=PrFL
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=PrFL

Circular waveguide

Due to the circular symmetry of the problem,
cylindrical coordinates will be used :

73MAG-EPFL

7aez L dou 8hz}

op  p Op




=Pl TM Modes

Wave equation in cylindrical coordinates

2 2
—62+la + 12 az+k§ e, =0
op° POP  p°op

Separation of variables

ez (P 0)=R(p)P(0)
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=Pl TM Modes

2 42
yo, dR+de

1
Thus =——
R dp?2 Rdp ~ °  P(gy?

which becomes

1% o AP o o

d°R dR 2,2 1,2

— Tt — k2 , 22 —+R( ks —k ):O
dez depc (ppdpz pdp P Ko =Ky
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=Pl TM Modes

Solution of the equation in o :
P(@)=Asink,p+Bcosk,

The solution has to be periodic in ¢, thus k  is an integer

P ()= Asinng+ Bcosng

76MAG-EPFL



=Pl TM Modes

The equation in p takes the form of a Besel equation :

2
pzd—§+pd—R+ R(pzkcz—nz):O
dp dp

where the solutions are given by

R(p)=Cp (kep)+ DYy (ko)
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=Prl Bessel functions of the first kind

(= '
1.0 e (’")
31 (") J”(X)
0.5 - J (’C) |
0 T T m T ==
4 6 8 10 12 x
5
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=PrlL Bessel functions of the second kind

Y
- YM;(" | n(X)
1.0 — D=0

Yol

Wy (! AEY
0

B N - /‘?Q]Q -—
; 4WO ];\ x |

—0,5 —

—1,0
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=Pl TM Modes

Thus

e; (p,¢)=1J, (kep)(Asinng+ Bcosng)

Boundary condition at p=a:

ez| p=a=JIn(kca)(Asinnp+Bcosnp)=0

Thus k _ Phm  where P, IS the m" zero of the
o a  Bessel function J,

soMAG-EPFL



=Pl TM Modes

Propagation coeffcient

2
o REE

a

Cutoff frequency

fo Ke _ Pnm
‘om0 ue  2ma\lue
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=Pl TE Modes

Doing the same analysis than for TM modes, we obtain

h, (p, @)= (kep)(Asinng + Bcosng)

The boundary conditions are applied on the electric field :

e, (P, 0)= Ji)ﬂ

(Asinng+Bcosng)Jy, (kep)
C

0

where e(p‘ p:a:%\] 'n (kca)(Asinng+ Bcosng)
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=Pl TE Modes

Thus k... — Pnm where p',is the mt" zero of the
chm =3 derivative of the Bessel function
of first kind J',,

The propagation coefficient is given by
, 2
S G e

And the cutoff frequency by . - P
"M 2may e
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=PrFL

Circular waveguides

Modes TM Modes TE
"E",; Pum Dom
o d
O, Prum P
(nf JLE axf LLE
¥
p
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=PrFL

Circular waveguides

Ez

Ty (k.p)(Asinng+ Beosng)e ™/~

0

Hz

0

J, (k. 0)(Asinng+ Beosnp)e ™~
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=PrFL

Circular waveguides

E T . . a) -
P —(4sinng+ Beosnp (k. ple " _Jeun (Acosng—Bsinng)J, (k.p)e™’"
‘E‘F:." | "ET Q2
E YR . _ . @ —i
¢ ———(Acosn@—Bsinn@)J, (k.po)e " J (4sinng+ chHU}J (k ok
ke p ‘c
mE i
Hp J H{ Acosng— Baum{ﬂ]J [chle 7= cﬂ)
J'F‘r e, "F‘r
H OE ¢ . _ o
@ "} (Ag,m ne “‘3‘305”'??)];7(;%?)‘3 = f l Acosng—Bsinn@)J, (k.p)e S
C rtfp
8 u
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=PrFL

Dominant mode

TE Modes  fo, = =22 TM Modes  fg, ==
27tay] 1E 27waq ue

n p'nl p'n2 p'n3 n pni1 pn2 pn3

0 3.832 7.016 10.174 0 2.405 5.520 8.654
1 - 5.331 8.536 1 3.832 7.016 10.174
2 3.054 6.706 9.970 2 5.135 8.417 11.620
3 4.2012 6.0152 11.3459 3 6.38016 9.76102 13.01520
4 5.3175 9.2824 12.6819 4 7.58834 11.06471 14.37254
5 6.4156 10.5199 13.9872 5 8.77142 12.33860 15.70017
6 7.5013 11.7349 15.2682 6 9.93611 13.58929 17.0038
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EPFL .
Dominant mode

TE,;; mode
1.841

f =
‘M ozal Ue
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=Pk First higher order mode

TE Modes  fo, =—2om T™M Modes o =—om

B ZzaQ HE ‘M 97a UE

n p'nl p'n2 p'n3 n pnl pn2 pn3

0 3.832 7.016 10.174 0 ‘ 5.520 8.654
1 1.841 5.331 8.536 1 3.832 7.016 10.174
2 3.054 6.706 9.970 2 5.135 8.417 11.620
3 4.2012 6.0152 11.3459 3 6.38016 9.76102 13.01520
4 5.3175 0.2824 12.6819 4 7.58834 11.06471 14.37254
5 6.4156 10.5199 13.9872 5 8.77142 12.33860 15.70017
6 7.5013 11.7349 15.2682 6 9.93611 13.58929 17.0038
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=Pk First higher order mode

TM,; mode

2.405

fom 2man ue
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=PrL Fields iIn TM Modes

E, dumode TM, E, du mode TMy, E, du mode TMj,

E, du mode TM;, E, du mode TM;, E, du mode TM,,

E, du mode TM,, E, du mode TM,,
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=PrFL

Fields In TE Modes

H, du mode TE,, H, dumode TE,,

»

H, du mode TE,, H, du mode TE,,

H, du mode TE, H, du mode TE;,

92MAG-EPFL

H, du mode TE,,

-
-

H, du mode TE,,

H, du mode TE,




EPFL longitudinal propagation
constant

A propagation constant corresponds to each eigenvalue :

y=ki-k?  k=aeu

Thus, in a lossless case, depending on the relation between
k and k. the longitudinal propagation constant
can be real or imaginary :

If ke >w\Jeu then y =«

If ke =w\/eu then y =0

If k. <w\eu then y=]p
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EPFL . . .
Dispersion diagram

y=0u+[3
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EPFL Longitudinal propagation
coefficient
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EPFL .
Group velocity
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=Pk phase velocity
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=Pk guided wavelength
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